In this paper, we establish a new sufficient condition of the permanence for the LotkaVolterra cooperative systems with multiple discrete delays by extending the results in [Nakata and Muroya, Permanence for nonautonomous Lotka-Volterra cooperative systems with delays, Nonlinear Anal. RWA., in press]. Our condition holds even if the instantaneous feedback does not dominate over the total of the interspecific interactions and does not need the restriction on the size of time delays, different from the results in [Lu and Lu, Permanence for two-species Lotka-Volterra cooperative systems with delays, Math. Biosci. Eng. 5 (2008) 477-484]. We offer an example for comparison with the previous results and numerical results supporting our theoretical analysis are given.
Introduction
In this paper, we consider the following Lotka-Volterra cooperative population systems with multiple time delays,
where r i > 0 for i = 1, 2, respectively, τ ≥ 0 and a l ij ≥ 0 for i, j = 1, 2 and l = 0, 1, 2, . . . , m. For the biological meanings, we only consider the case, initial conditions x i (t) = φ i (t) ≥ 0, for t ∈ [−mτ, 0) and φ i (0) > 0. x i (t), i = 1, 2 denote the densities of i-species at time t, respectively. Equation (1.1) models facultative mutualism between two species, that is, interacting species derive benefit from each other, but each species can persist in the absence of other species. There are many papers which studied facultative mutualism with mathematical models (see [1-3, 5, 9, 12, 14, 15, 17] and the references therein).
Moreover, there are also extensive literature concerned with Lotka-Volterra population systems which describe multispecies population dynamics (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and the references therein). Taking account of time delays in differential equation makes more realistic mathematical model, since the feedback of interspecific interactions and intraspecific competitions on the population dynamics are generally delayed.
For Lotka-Volterra competitive systems with discrete delays, Lu and Takeuchi [10] have shown that if the nondelayed two-species Lotka-Volterra competitive system is permanent, then its corresponding delayed system is also permanent. Using a suitable Lyapunov function, Liu and Chen [6] generalize this to the Lotka-Volterra competitive systems with several discrete delays and obtain necessary and sufficient condition of the permanence. From these results, for the Lotka-Volterra competitive systems, time delays are harmless for the permanence (see also [1] ).
However, for the Lotka-Volterra cooperative systems, the time delays are not harmless for the permanence, contrary to the competitive type. If there is no time delays in (1.1), that is, τ = 0, then (1.1) becomes . These examples suggest us that for the Lotka-Volterra cooperative systems, the effect of delays may harm the permanence, contrary to the Lotka-Volterra competitive systems. Lin and Lu [5] established a sufficient condition of the permanence for (1.1) with using the boundedness result in Muroya [13] , as follows. 
Recently, in more general settings, Lu and Lu [9] have established another sufficient condition which ensures (1.1) to be permanent, even if (1.4) fails.
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They assumed that there exists a large enough time T > 0 and constants 
From this result, the relation between the size of time delays and the permanence for (1.1) is obtained, which implies that if τ is sufficiently small, then (1.1) is permanent.
For (1.1) with one delay in interspecific interactions in the first equation, expanding a new approach of Lu and Lu [9] , Nakata and Muroya [14] obtained a condition of the permanence which does not need the restriction on the size of time delays. In this paper, we generalize the results by Nakata and Muroya [14] to multiple delays type. Our condition also does not need the restriction on the size of time delays τ , compared with Lu and Lu [9] .
To apply our techniques, we put the following assumptions for (1.1).
(H1) For an integer l ≥ 0, we set
When l = 0, we assume that (1.6) is equivalent to a
When l = 0, we assume that (1.7) is equivalent to that a Under the assumptions (H1) and (H2), (1.1) becomes the following LotkaVolterra cooperative system with delays,
Before introducing our main theorem, we put
and
(1.10)
Our main result in this paper is the following. then (1.1) is permanent, that is, there exist constants m i and M i , which is independent of any solutions x 1 (t) and x 2 (t) of (1.1), respectively, such that This implies that (1.4) is not necessary for the permanence of (1.1) under the assumptions (H1) and (H2).
Our results show that (1.1) is permanent, even if (1.4) fails, hence we obtain a sharp condition of the permanence for (1.1) when the instantaneous feedback does not dominates over the effect of interspecific interactions and intraspecific competitions. Thanks to our main idea, Lemmas 2.2 and 2.5, our results are able to generalize that of Nakata and Muroya [14] to the multiple delays type. This paper is organized as follows. In Sec. 2, we offer some basic lemmas. Since it is difficult to apply the method proposed by Nakata and Muroya [14] to (1.8) directly, we prepare Lemmas 2.2 and 2.5. Lemma 2.2 generalizes the idea of Nakata and Muroya [14, Lemma 2.2] which is introduced as Lemma 2.3 in this paper also and Lemma 2.5 generalizes the idea of Nakata and Muroya [14] . In Sec. 3, we focus on the boundedness of x 1 (t) l l=l a l 12 x 2 (t − lτ ) in (1.8) and sufficient conditions for its boundedness are introduced in Lemma 3.2. In this discussion, Lemma 2.5 has a really important role. From this boundedness results, we prove our main theorem. In Sec. 4, we offer an example to compare our results with results already obtained by Lu and Lu [9, Theorem 1.3] . From this example, we improve the restriction on the size of time delays in their results. Numerical simulation are also presented to illustrate our result. Finally, in Sec. 5, we offer conclusions and future works.
Preliminary
For preparation, let us introduce some basic lemmas. Lemma 2.2 not only generalizes Lemma 2.3 [14, Lemma 2.2] but also becomes a key lemma to obtain Lemma 2.5. Lemma 2.5 has a really important role throughout this paper.
Lemma 2.1 (see [13, Lemma 2.1]).
Every solution x 1 (t) and x 2 (t) of (1.1) exists on t ∈ [0, +∞) and remains positive for all t > 0.
Lemma 2.2. Assume that for y(t) > 0, it holds that
where
where y =ỹ is the unique positive solution of y(λ − µy
Proof. Firstly, let us consider the function f (y) = y(λ−µy 1/k )+D for y ∈ (0, +∞).
Since lim y→+0 f (y) = D ≥ 0 and lim y→+∞ f (y) = −∞ < 0, it holds that f (y) = 0 has at least one positive solutionỹ > 0. Moreover, 
Then we obtain that
This leads to a contradiction to our assumption. Hence, lim sup t→+∞ y(t) < +∞. Moreover, similar to the above discussion, we obtain that
Hence, the proof is complete.
From Nakata and Muroya [14] , we obtain the following lemmas. In particular, Lemma 2.3 is a special case of Lemma 2.2 for k = 1. 
Lemma 2.3 (see [14, Lemma 2.2]). Assume that for y(t) > 0, it holds that
The following lemma which generalizes the idea by Nakata and Muroya [14] has a really important role throughout this paper.
Assume that for every solution x 1 (t) and x 2 (t) of (1.8), it holds that
If there exists an integer
then there exists a positive constant M S for any solutions x 1 (t) and x 2 (t) of (1.8) such that
where V =Ṽ is the unique positive solution of
Proof. At first, we see that
By the Geometric-mean inequality, it follows that
By Lemma 2.2, we have that
which implies the conclusion of this lemma. Hence, the proof is complete.
Proof of Theorem
To prove our main theorem, we prepare the following lemmas. In particular, Lemma 3.1 is the basic idea on the proof of the permanence for (1.1). 
Proof. From (1.1), we have the following
From (3.1), for any positive constant 1 > 0, there exists T 1 > 0 such that
Thus, by Lemma 2.3, there exists a positive constant M 1 such that lim sup t→+∞ × x 1 (t) ≤ M 1 < +∞. On the other hand, from (1.1), we have the following
By Lemma 2.4, there exists a positive constant m 1 such that lim inf t→+∞ x 1 (t) ≥ m 1 > 0.
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Moreover, from the above discussion, for any positive constant 2 > 0, there exists T 2 > 0 such that
By Lemma 2.3, there exists a positive constant M 2 such that lim sup t→+∞ x 2 (t) ≤ M 2 < +∞. On the other hand, from (1.1), we have
By Lemma 2.4, there exists a positive constant m 2 such that lim inf t→+∞ x 2 (t) ≥ m 2 > 0. Consequently, we obtain the conclusion of this lemma. Hence, the proof is complete.
Hereafter, under the assumptions (H1) and (H2), we show that x 1 (t) l=l l=l × a l 12 x 2 (t−lτ ) for any solutions x 1 (t) and x 2 (t) of (1.8) is bounded above by a positive constant. For this purpose, we investigate the boundedness of x 1 (t)a l 12 x 2 (t−lτ ), l = l, l + 1, l + 2, . . . , l, respectively. For the convenience of the reader, we prepare one example for the sketch of this idea.
Consider the following Lotka-Volterra cooperative systems with delays ((1.8) with m = 3, l = 0, and l = 1), By Lemma 3.1, to prove the permanence of (3.2), we must show the boundedness of x 1 (t) 4) . By Lemma 2.5, there exists a constant M 0 such that lim sup t→+∞ V 0 (t) ≤ M 0 < +∞ for any solutions x 1 (t) and x 2 (t) of (3.2).
Next, we put > 0. If V 1 (t)x 2 (t) is bounded from the above for any solutions x 1 (t) and x 2 (t) of (3.2), then by Lemma 2.5, there exists a constant M 1 such that lim sup t→+∞ V 1 (t) ≤ M 1 < +∞ for any solutions x 1 (t) and x 2 (t) of (3.2).
Let us consider the boundedness of V 1 (t)x 2 (t). Put V 11 (t) = V 1 (t)x 2 (t). Then we have > 0, l = 0, 1. By Lemma 2.5, there exists a constant M 11 such that lim sup t→+∞ V 11 (t) ≤ M 11 < +∞ for any solutions x 1 (t) and x 2 (t) of (3.2). This implies that there also exists a constant M 1 such that lim sup t→+∞ V 1 (t) ≤ M 1 < +∞ for any solutions x 1 (t) and x 2 (t) of (3.2), by Lemma 2.5. Consequently, there exists a constant M 01 such that lim sup t→+∞ (x 1 (t) 
where l h , h = 1, 2, . . . , k are positive integers such that
Proof. We put V 1 (t) = x 1 (t) k h=1 x 2 (t − l h τ ) and divide the proof into the following two cases: (1) l 1 = l and (2) l 1 ≥ l + 1.
From (1.8), we have that
where 
Finally, by Lemma 2.5, the proof is complete. If τ is sufficiently large, then their condition does not hold. However, our results show that (4.1) is permanent for any τ > 0, but finite.
Next, we consider the following Lotka-Volterra cooperative systems with delays, .3) becomes τ < 58.09524 . . . , for the permanence of (4.4). Figures 1-4 show the behavior of the solution x 1 (t) and x 2 (t) of (4.4) with τ = 0, 40, 60, 80, respectively, and solid line denotes the orbit of the solution x 1 (t) and dashed line denotes the orbit of the solution x 2 (t), respectively. Figure 1 shows that the positive equilibrium is stable when τ = 0. Moreover, the positive equilibrium is globally stable, because (1.3) holds. In Fig. 2 , we see that the positive equilibrium is stable and (4.4) is permanent when τ = 40. Figures 3 and 4 show that the positive equilibrium is unstable and (4.4) is permanent when τ = 60 and τ = 80, respectively. 
Discussion
In this paper, we study the permanence for the Lotka-Volterra cooperative systems with several discrete delays. In the real system, the feedback of interspecific interactions and intraspecific competitions on the population dynamics are generally delayed. From this point of the application, it is rare that the sufficient condition of the permanence (1.4) holds and it is important and valuable to establish other conditions of the permanence when (1.4) does not hold. Thanks to our main idea, that is, discussing the boundedness of x 1 (t) m l=0 a l 12 x 2 (t − lτ ) in (1.1), we prove that the Lotka-Volterra cooperative system with time delays (1.1) is permanent, even if (1.4) fails, under the assumptions (H1) and (H2). Our results not only generalize the results of Nakata and Muroya [14] to multiple delays case, but also derived the condition of the permanence which does not need the restriction on the size of time delays, contrary to the previous results of Lu and Lu [9] . Some ideas in this paper are also applicable to the nonautonomous Lotka-Volterra cooperative systems with delays and a class of the n-species Lotka-Volterra cooperative population systems with delays. These become our future works.
